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Composite materials were characterized under quasi-static and dynamic loading, and a constitutive model was

proposed to describe the nonlinear multi-axial behavior of the materials at varying strain rates. The mate-

rial investigated was a unidirectional carbon-fiber/epoxy composite. Multi-axial experiments were conducted at

three strain rates, quasi-static (10�4 s�1), intermediate (1 s�1), and high (180–400 s�1), using offaxis specimens to

produce stress states combining transverse normal and in-plane shear stresses to verify themodel. AHopkinson-bar

apparatus and offaxis specimens loaded in this system were used for multi-axial characterization of the material at

high strain rates. Stress–strain curves under tension and compressionwere obtained for various loading orientations

with respect to the fiber direction. A nonlinear constitutive model is proposed following an elastic–plastic approach.

It is based on a potential function in the form of a linear combination of deviatoric and dilatational deformation

components. The model is able to describe the rate-dependent behavior under multi-axial states of stress including

tensile and compressive loading. Experimental results were in good agreement with predictions of the proposed

constitutive model.

Nomenclature

A = constant
a1, a2, a4, a6 = plastic anisotropy parameters
b1, b2 = plastic anisotropy parameters
Cij = stiffness matrix components, Pa
dWp = incremental plastic strain energy per unit

volume, Pa
d�p6 = plastic shear strain increment on 1-2 plane
d"i = total strain increment

d �"p = effective plastic strain increment

d"ei = elastic strain increment

d"pi = plastic strain increment

d"px = plastic strain increment along loading direction
d� = scalar function of proportionality
d�j = stress increment, Pa
f = plastic potential function
Sij = compliance matrix components, Pa�1

"px = plastic strain along x axis (loading direction)
�"p = effective plastic strain
� = constant
� = angle between loading and fiber directions
� = elastic anisotropy parameter
�i = normal stress components, Pa
��e = effective stress, Pa
�x = axial stress (along loading direction), Pa
�1, �2, �3 = normal stress components along principal

material axes, Pa
�4, �5, �6 = shear stress components on 2-3, 1-3, and 1-2

principal planes, Pa

I. Introduction

T HE ever-expanding applications of composite materials expose
them to severe loading and environmental conditions and pose

new challenges to the designer. In many structural applications
composite materials are exposed to high energy, high velocity
dynamic loadings producing multi-axial dynamic states of stress.
Under these conditions composites exhibit nonlinear and rate-
dependent behavior. Nonlinear behavior arises primarily from plastic
deformation of the polymeric matrix and is especially pronounced
when shear components are dominant in the state of stress. There-
fore, it is important to characterize experimentally the nonlinear
dynamic behavior of composites under multi-axial states of stress
and describe their behavior by appropriate constitutive models.

Many test methods have been developed and discussed for
characterization of compositematerials at various strain rates [1–13].
Quasi-static and low strain rates up to approximately 10 s�1 are
obtained in a servohydraulic testing machine; strain rates between
10 s�1 and approximately 200 s�1 have been generated using an
instrumented drop-tower apparatus; and higher rates up to and
exceeding 1000 s�1 are produced by means of a split Hopkinson (or
Kolsky) pressure bar [6–12]. Most of the high-rate studies deal with
uniaxial compression. In a few cases uniaxial tensile test methods
have been described, e.g., Daniel et al. [1] and Gilat et al. [12]. These
studies have shown considerable increases in stiffness and strength
with strain rate. In some cases, explicit empirical relationswere given
for the rate dependence of these mechanical properties [7,10]. Most
of the reported work to date deals with a one-dimensional state of
stress, i.e., uniaxial compression, tension, or shear. Hsiao et al. [7],
Ninan et al. [11], and Vinson and Woldesenbet [10] determined the
dynamic behavior under combined compression and shear by testing
unidirectional offaxis specimen in a Hopkinson-bar apparatus. The
compressive and shear stress–strain behavior was determined
independently of each other as a function of strain rate. Bing and Sun
[13] tested offaxis specimens by the Hopkinson-bar technique and
developed amodel to extract the compressive strength of thematerial
as a function of strain rate.Modeling the nonlinear behavior observed
in the tests above is a challenging task.

For quasi-static loading, Sun and Chen [14] and Gates and Sun
[15] proposed a one-parameter plasticity model based on a Hill-type
[16] quadratic plastic potential, by assuming a plane-stress state and
no plastic deformation in the fiber direction. The parameter in the
potential function was determined from uniaxial offaxis tests. This
model has been widely accepted and its accuracy and range of
applicability were investigated and reported in [17]. Chen and Sun
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[18] later proposed a quadratic plastic potential function independent
of dilatational deformation, by introducing elastic anisotropic param-
eters that are defined as the ratios of elastic constants along the
principal material directions. More recently, Yokozeki et al. [19],
pointed out that one-parameter constitutive models are not fully
capable of describing the nonlinear mechanical behavior under
tension or compression loading combined with shear loading, unless
their anisotropic parameters are obtained separately in the tension
and compression regimes. This is due to the fact that polymer com-
posites display dilatation-dependent mechanical behavior not
captured in the quadratic yield (plastic potential) function used.
Yokozeki et al. extended Sun and Chen’s [14] model and proposed a
two-parameter model that distinguishes between tension and com-
pression of the plastic flow in composite materials under monotonic
loading. One of the parameters accounts for the anisotropic behavior
and the other distinguishes the sign of the normal stress. Yokozeki
et al. [19] employed the approach of Drucker and Prager’s [20]
plasticity model and expanded Sun and Chen’s [14] model by adding
a hydrostatic term. However, in order to maintain the hydrostatic
term in their model, they allowed plastic deformation in the fiber
direction.

The models above did not include strain-rate effects.
Thiruppukuzhi and Sun [21,22] and Weeks and Sun [23] extended
the one-parameter model to account for rate effects as well. They
introduced two additional parameters obtained by curve-fitting a
power law function to the effective plastic strain determined by
offaxis tests at different strain rates. Goldberg and Stouffer [24]
proposed a strain-rate-dependent viscoplastic model using a micro-
mechanics analysis and used Hashin’s stress criteria for failure
prediction based on given strength properties. Zhu et al. [25]
extended this model by a numerical procedure to account for the
transverse shear effects. Xing and Reifsnider [26] proposed a
three-parameter constitutive model representing large nonlinear
deformation and rate-dependent behavior under tension. Donadon
et al. [27] proposed a three-dimensional viscoplastic constitutive
model incorporating strain-rate effects. Model validation was done
by comparing measured and predicted uniaxial stress–strain curves.
Elastic-viscoplastic constitutive models, like the ones described
above, can describe the rate-dependent material behavior with
emphasis on large inelastic deformations. They make use of several
parameters that must be determined by fitting to experimental data.

In the research described in the present paper, composite materials
are characterized under quasi-static and dynamicmulti-axial states of
stress. A new nonlinear constitutive model is proposed to describe
their rate-dependent behavior under states of stress including tensile
and compressive loading. The proposed potential function consists
of a linear combination of deviatoric and dilatational deformation
components. Experimental results were in good agreement with
predictions of the proposed constitutive model.

II. Material Characterization

The material investigated was a carbon/epoxy composite (AS4/
3501-6) obtained in prepreg form and used for preparation of
laminates by the standard autoclave process.Multi-axial experiments
were performed by testing unidirectional carbon/epoxy specimens at
various loading directions with respect to the principal fiber rein-
forcement. These experiments produced primarily stress states
combining transverse normal and in-plane shear stresses. Two to six
specimens were tested in each case.

Experimentswere conducted at three strain rates. Quasi-static tests
were conducted in a servohydraulic testing machine at a strain rate of
10�4 s�1. Intermediate-rate tests were also conducted in the servo-
hydraulic machine at an average strain rate of 1 s�1. A special fixture
was designed with a gap between the specimen and the bottom
crosshead to allow for crosshead acceleration up to a nearly uniform
speed before the loadwas transferred to the specimen, thus ensuring a
more uniform strain rate during the test (Fig. 1). High-strain-rate tests
were conducted by means of a split Hopkinson pressure bar at strain
rates ranging from 180 to 400 s�1 using prismatic offaxis specimens
(Fig. 2).

Multi-axial static and dynamic experiments were conducted using
offaxis specimens to produce stress states combining transverse
normal and in-plane shear stresses. Figure 3 shows typical static and
dynamic stress–strain curves for the unidirectional carbon/epoxy
composite for various loading orientations at three strain rates: quasi-
static, intermediate, and high. The intermediate-rate curves corre-
spond to an average strain rate of 1 s�1, and the high-rate curves
correspond to rates in the range of 180–400 s�1.

III. Constitutive Modeling

An element of a unidirectional composite under load along the
principal material axes is shown in Fig. 4. In the general nonlinear
elastic–plastic stress–strain response illustrated in Fig. 5, the total
strain increment corresponding to an increment in stress can be
decomposed into an elastic and a plastic part as

d"i � d"ei � d"
p
i (1)

The plastic strain increment is related to a potential (or loading)
function through the associated flow rule and normality rule as
follows:

d"pi � d�
@f

@�i
(2)

where i� 1; 2; . . . ; 6; f is a plastic potential function; and d� is a
scalar function of proportionality. The constitutive model sought is
obtained from the plastic potential and scalar functions.

A plastic potential function was proposed based on a modified
Drucker–Prager [20] yield criterion consisting of deviatoric and

Fig. 1 Compression testing at intermediate strain rates.

Fig. 2 Hopkinsonbar andoffaxis specimenused for high-rate testing of

carbon/epoxy composites.
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dilatational deformation components. The proposedmodel describes
themulti-axial stress–strain behavior measured at various strain rates
and accounts for the sign of the normal stress (tension or com-
pression). A general three-dimensional potential function f or
effective stress ��e was formulated for a transversely isotropic
composite by taking the positive square root of Chen and Sun’s [18]
potential function and adding a term with a linear combination of
normal stresses as

f� fa1���1 � ��2�2 � ��1 � ��3�2� � a2��2 � �3�2 � a4�24
� a6��25 � �26�g

1
2 � �b1�1 � b2��2 � �3�� � ��e (3)

wherea1,a2,a4,a6,b1, andb2 are plastic anisotropy parameters. The
first bracketed term in Eq. (3) is related to shear deformation, and the
second (linear) term is related to dilatational deformation. The
parameter � is an elastic anisotropy parameter coupling normal
stresses along the 1 and 2 and 1 and 3 directions and is related to the
material stiffnessesCij (in contracted notation, i.e., i; j� 1; 2; . . . ; 6)
as [18]

�� C11 � C12 � C13

C12 � C22 � C23

� C11 � C12 � C13

C13 � C23 � C33

(4)

For a two-dimensional state of stress, with �3 � �4 � �5 � 0, the
above expression for the effective stress, or loading function f, is
reduced to
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Fig. 3 Static and dynamic stress–strain curves for unidirectional carbon/epoxy composite under compressive loading at various orientations with the

fiber direction.

Fig. 4 Unidirectional composite element under load along the principal

material axes.
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f� fa1���1 � ��2�2 � �21 � � a2�22 � a6�26g
1
2

� �b1�1 � b2�2� � ��e (5)

The incremental stress–strain relation is

d"i � Sijd�j � d"pi (6)

where Sij is the material compliance tensor (i; j� 1; 2; . . . ; 6).
The incremental plastic strain energy per unit volume is given in

terms of the effective plastic strain as

dWp � �id"pi � ��ed �"p (7)

where d �"p is the increment in the effective plastic strain. Replacing
the plastic strain increment with the gradient of the potential function
by the flow rule (2),

�� ed �"p � �i
@f

@�i
d�� ��ed� (8)

Therefore, the scalar function of proportionality is given by

d�� d �"p (9)

Assuming a power law relation between the effective plastic strain
and effective stress as

�" p � A ��ne (10)

where A and n are functions of strain rate, we obtain the following
expression for the scalar function:

d�� nA� ��e�n�1d ��e (11)

The incremental effective stress, as defined in Eq. (5), is

d ��e �
@f

@�j
d�j (12)

Using Eqs. (6), (2), and (9–12) we obtain the constitutive elasto/
viscoplastic model for the total strain and stress increments as

d"i �
�
Sij � nA ��n�1e

@f

@�i

@f

@�j

�
d�j (13)

The yield criterion, assuming no plastic deformation in the fiber
direction,

d"p1 � d�
@f

@�1
� 0 (14)

yields a1 � b1 � 0, and the potential function, after normalizing by
a2, is simplified as

f� ��e � ��22 � a6�26 �
1
2 � b2�2 (15)

IV. Experimental Model Validation

The model was validated experimentally for various states of
biaxiality, tension, and compression and varying strain rates. The
model parameters were determined from offaxis tension and
compression tests, which provide various biaxial states of stress.
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Table 1 Model parameters

Strain rate, s�1 a6 b2 A,MPa��n� n

0.0001 6.2 0.02 3:0764 � 10��14� 5.5
1 6.2 0.02 2:5165 � 10��12� 4.5
300 6.2 0.02 6:4329 � 10��10� 3.5
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Measured axial stresses and strains from the tests were related to the
stress and strain components along the principal material directions
by coordinate transformation. The stress components along the
principal material axes are obtained in terms of the measured axial
stress �x as

�1 � �xcos2�; �2 � �xsin2�; �6 ���x sin � cos � (16)

where � is the angle measured from the x axis (loading direction) to
the 1-axis (fiber direction).

From Eq. (15) we obtain for tensile loading,

�� e � ��sin4�� a6sin2�cos2��
1
2 � b2sin2���x (17)

and for compressive loading,

�� e ����sin4�� a6sin2�cos2��
1
2 � b2sin2���x (18)

Similarly, the incremental plastic strain along the loading axis can
be expressed in terms of its components along the principal material
axes as

d"px � d"p2 sin2� � d�
p
6 sin � cos � (19)

Substituting this plastic strain increment in Eq. (7) and integrating
(for proportional loading), we obtain the effective plastic strain for
tensile loading,

�" p �
�x
��e
"px � ��sin4�� a6sin2�cos2��

1
2 � b2sin2���1"px (20)

and for compressive loading,

�" p �
�x
��e
"px ����sin4�� a6sin2�cos2��

1
2 � b2sin2���1"px (21)
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Fig. 9 Stress–strain curves under compression at various orientations
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Fig. 10 Comparison of predicted and experimental stress–strain curves for carbon/epoxy composite loaded in compression at various orientations with

the fiber direction at three strain rates (solid curves represent model predictions).
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The above relations between effective stress and effective plastic
strain were fitted to the experimental stress–strain curves shown in
Fig. 3 for the carbon/epoxy composite. As shown in Fig. 6, all
effective stress versus effective plastic strain curves for all loading
conditions and strain rates covered by the experiments collapse into
one curve for one set of constants, a6 � 6:2 and b2 � 0:02. The
power law constants ofA andn of Eq. (10)were determined byfitting
the experimental data obtained and were found to be rate-dependent.
Their variation with strain rate is shown in Fig. 7. The model
constants for the three rates used in the experiments are tabulated in
Table 1.

Comparisons of model predictions and experimental stress–strain
curves under offaxis compression are shown in Figs. 8 and 9 for
quasi-static and high-strain-rate loading. Similar comparisons
between model predictions and experimental results are shown in
Fig. 10 for the three strain rates investigated. A similar comparison
for tensile loading at various orientations is shown in Fig. 11. A direct
comparison between measured and predicted stress–strain curves in
tension and compression is shown in Fig. 12 for two different loading
orientations. In all cases the agreement between the model
predictions and experimental results is very satisfactory.

V. Conclusions

A unidirectional carbon/epoxy composite was characterized at
three strain rates, quasi-static (10�4 s�1), intermediate (1 s�1), and
high (180–400 s�1), under various biaxial states of stress combining
transverse compression, tension, and shear. Stress–strain behavior
was obtained under various biaxial states of stress at three strain rates
by testing offaxis specimens under tension and compression. A two-
parameter nonlinear constitutive model incorporating strain-rate
dependence was proposed. The plastic potential function used in the
model consists of decoupled shear and dilatation terms and thus
distinguishes the sign of the normal stress component (tension or
compression). The agreement between model predictions and

experimental results is very satisfactory and shows that the proposed
model is robust and is valid for both tension and compression under
varying strain rates. The proposed model is not limited to the
particular composite system tested, but can be applied to many other
composite materials.
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Fig. 12 Experimental and predicted stress–strain curves in tension and compression for two offaxis specimens (solid curves represent model

predictions).

DANIEL ETAL. 1663

http://dx.doi.org/10.1007/BF02325199
http://dx.doi.org/10.1007/BF02325740
http://dx.doi.org/10.1016/S1359-8368(98)00008-0
http://dx.doi.org/10.1177/002199839903301703
http://dx.doi.org/10.1016/S0266-3538(98)00152-3
http://dx.doi.org/10.2514/2.820
http://dx.doi.org/10.1177/002199801772662136
http://dx.doi.org/10.1016/S0734-743X(00)00039-7


[12] Gilat, A., Goldberg, R. K., and Roberts, G. D., “Experimental Study of
Strain-Rate-Dependent Behavior of Carbon/Epoxy Composite,”
Composites Science and Technology, Vol. 62, 2002, pp. 1469–1476.
doi:10.1016/S0266-3538(02)00100-8

[13] Bing, Q., and Sun, C. T., “Modeling and Testing Strain Rate-Dependent
Compressive Strength of Carbon/Epoxy Composites,” Composites

Science and Technology, Vol. 65, 2005, pp. 2481–2491.
doi:10.1016/j.compscitech.2005.06.012

[14] Sun, C. T., and Chen, J. L., “A Simple Flow Rule for Characterizing
Nonlinear Behavior of Fiber Composites,” Journal of Composite

Materials, Vol. 23, 1989, pp. 1009–1020.
doi:10.1177/002199838902301004

[15] Gates, T. S., and Sun, C. T., “Elastic/Viscoplastic Constitutive Model
for Fiber Reinforced Thermoplastic Composites,” AIAA Journal,
Vol. 29, No. 3, 1991, pp. 457–463.
doi:10.2514/3.59922

[16] Hill, R., The Mathematical Theory of Plasticity, Oxford Univ. Press,
London, 1950.

[17] Winn, V.M., and Sridharan, S., “An Investigation into theAccuracy of a
One-parameter Nonlinear Model for Unidirectional Composites,”
Journal of CompositeMaterials, Vol. 35, No. 16, 2001, pp. 1491–1507.
doi:10.1106/M99D-14RL-NHHF-CHWN

[18] Chen, J. L., and Sun, C. T., “A Plastic Potential Function Suitable for
Anisotropic Fiber Composites,” Journal of Composite Materials,
Vol. 27, No. 14, 1993, pp. 1379–1390.
doi:10.1177/002199839302701403

[19] Yokozeki, T., Ogihara, S., Yoshida, S., and Ogasawara, T., “Simple
Constitutive Model for Nonlinear Response of Fiber-Reinforced
Composites with Loading-Directional Dependence,” Composites

Science and Technology, Vol. 67, 2007, pp. 111–118.
doi:10.1016/j.compscitech.2006.03.024

[20] Drucker, D. C., and Prager,W., “SoilMechanics and Plastic Analysis or
Limit Design,” Quarterly of Applied Mathematics, Vol. 10, 1952,
pp. 157–165.

[21] Thiruppukuzhi, S. V., and Sun, C. T., “Testing and Modeling High
Strain Rate Behavior of Polymeric Composites,” Composites, Part B,
Vol. 29, 1998, pp. 535–546.
doi:10.1016/S1359-8368(98)00009-2

[22] Thiruppukuzhi, S. V., and Sun, C. T., “Models for the Strain-Rate-
Dependent Behavior of Polymer Composites,”Composites Science and
Technology, Vol. 61, 2001, pp. 1–12.
doi:10.1016/S0266-3538(00)00133-0

[23] Weeks, C. A., and Sun, C. T., “Modeling Non-Linear Rate-Dependent
Behavior in Fiber-Reinforced Composites,” Composites Science and

Technology, Vol. 58, 1998, pp. 603–611.
doi:10.1016/S0266-3538(97)00183-8

[24] Goldberg, R. K., and Stouffer, D. C., “Strain Rate Dependent Analysis
of a Polymer Matrix Composite Utilizing a Micromechanics Ap-
proach,” Journal of Composite Materials, Vol. 36, 2002, pp. 773–793.
doi:10.1177/0021998302036007613

[25] Zhu, L. F., Kim, H. S., Chattopadhyay, A., and Goldberg, R. K.,
“Improved Transverse Shear Calculations for Rate-Dependent
Analyses of Polymer Matrix Composites,” AIAA Journal, Vol. 43,
No. 4, 2005, pp. 895–905.
doi:10.2514/1.11793

[26] Xing, L., and Reifsnider, K. L., “Progressive Failure Modeling for
Dynamic Loading of Woven Composites,” Applied Composite

Materials, Vol. 15, 2008, pp. 1–11.
doi:10.1007/s10443-008-9053-7

[27] Donadon, M. V., de Almeida, S. F. M., Arbelo, M. A., and de Faria, A.
R., “A Three-Dimensional Ply Failure Model for Composite
Structures,” International Journal of Aerospace Engineering, 2009,
Paper 486063.
doi:10.1155/2009/486063.

A. Pelegri
Associate Editor

1664 DANIEL ETAL.

http://dx.doi.org/10.1016/S0266-3538(02)00100-8
http://dx.doi.org/10.1016/j.compscitech.2005.06.012
http://dx.doi.org/10.1177/002199838902301004
http://dx.doi.org/10.2514/3.59922
http://dx.doi.org/10.1106/M99D-14RL-NHHF-CHWN
http://dx.doi.org/10.1177/002199839302701403
http://dx.doi.org/10.1016/j.compscitech.2006.03.024
http://dx.doi.org/10.1016/S1359-8368(98)00009-2
http://dx.doi.org/10.1016/S0266-3538(00)00133-0
http://dx.doi.org/10.1016/S0266-3538(97)00183-8
http://dx.doi.org/10.1177/0021998302036007613
http://dx.doi.org/10.2514/1.11793
http://dx.doi.org/10.1007/s10443-008-9053-7
http://dx.doi.org/10.1155/2009/486063

